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Abstract
In the context of the 331 models, we consider constraints on the extra neutral
boson Z ′ predicted by the model, where three different quark family assignments are
identified. Using the ansatz of Matsuda as an specific texture for the quark mass
matrices, we obtain allowed regions associated with the Z-Z’ mixing angle, the mass of
the Z ′ boson and the parameter β which determines different 331 models. The Z1 and
Z2 decays with and without flavor changing are also considered. The flavor changing
decays of the Z1 boson into quarks at tree level are highly suppressed by the Z − Z ′
mixing angle, obtaining the same order of magnitude as the standard model prediction
at one loop level. The Z2 decay widths are calculated with and without flavor changing,
where oblique radiative corrections at one loop accounts for about 1%−4% deviations.
1 Introduction
In most of extensions of the standard model (SM), new massive and neutral gauge bosons,
called Z ′, are predicted. The phenomenological features that arise about such boson have
been subject of extensive studies in the literature [1], whose presence is sensitive to ex-
perimental observations at low and high energies, and will be of great interest in the next
generation of colliders (LHC, ILC) [2]. In particular, it is possible to study some phe-
nomenological features associated with this extra neutral gauge boson through models with
gauge symmetry SU(3)c ⊗ SU(3)L ⊗ U(1)X , also called 331 models. These models arise as
an interesting alternative to explain the origin of generations [3], where the three families
are required in order to cancel chiral anomalies completely [4]. An additional motivation
to study these kinds of models comes from the fact that they can also predict the charge
quantization for a three family model even when neutrino masses are added [5].
Although cancellation of anomalies leads to some required conditions [6], such criterion
alone still permits an infinite number of 331 models. In these models, the electric charge is
defined in general as a linear combination of the diagonal generators of the group
Q = T3 + βT8 +XI, (1)
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where the value of the β parameter determines the fermion assignment and, more specifically,
the electric charges of the exotic spectrum. Hence, it is customary to use this quantum
number to classify the different 331 models. If we want to avoid exotic charges we are led to
only two different models i.e. β = ±1/√3 [6, 7]. An extensive and detailed study of models
with β arbitrary has been carried out in ref. [8] for the scalar sector and in ref. [9] for the
fermionic and gauge sector.
The group structure of these models leads, along with the SM-neutral boson Z, to the
prediction of an additional current associated with a new neutral boson Z ′. It is possible
to study the low energy deviations of the Z−pole observables through a precision fit of the
Z−Z ′ mixing [10, 11], which may provides indirect constraints on the free parameters of the
model (including β). Unlike the Z-boson whose couplings are family independent and the
weak interactions at low energy are of universal character, the couplings of Z ′ are different
for the three families due to the U(1)X values to each of them. In the quark sector each of the
331 families in the weak basis can be assigned in three different ways into mass eigenstates.
In this way, in a phenomenological analysis, the allowed region associated with the Z − Z ′
mixing angle and the physical massMZ′ of the extra neutral boson will depend on the family
assignment. This study was carried out in ref. [12] for the two main versions of the 331
models corresponding to β = −√3 [10] and β = − 1√
3
[7], and in ref. [13] for β arbitrary.
In addition, the study of rare decays provides a framework to evaluate any new physics
beyond the SM (for a recent review on the rare Z decays, see ref. [14]). In particular,
the SM may induce FCNC in the Z decay by introducing either one loop corrections or
effective couplings with dimension 6 [15]. In the SM, the flavor changing processes in the Z
gauge sector are forbidden at tree level even though we considered rotations of the fermions
from weak to mass eigenstates. In the context of models beyond the SM with extra neutral
currents, the Z−Z ′ mixing produces small deviations that break the universality feature, and
induces FCNC at tree level in Z decays [16, 17, 18] when rotations between weak and mass
eigenstates are implemented. Such flavor changing couplings are model dependent [19], and
its realization could be verified in the future e+e− lineal colliders at the TeV scale (TESLA
[20]). In the case of 331 models, FCNC at tree level due to the Z−Z ′ mixing arise only in the
quark sector, while the couplings of the leptons with Z and Z ′ are universal of families (ref.
[17] considers new 331 models with FCNC in the lepton sector). We take specific textures
for the quark mass matrices in agreement with the current data on the CKM mixing angles.
The assignments for texture on mass fermions have been broadly discussed in the literature
[21, 22].
In this work we report a phenomenological study of the 331-extra neutral boson. First,
we consider indirect limits at the Z resonance for models with β arbitrary, including linear
combinations among the quark families. We adopt the texture structure proposed in ref. [21]
in order to obtain allowed regions for the Z−Z ′ mixing angle, the mass of the Z ′ boson and
the values of β for three different assignments of the quark families [23] in mass eigenstates.
The above analysis is performed through a χ2 statistics at 95% CL including correlation
data among the observables. Later, we study high energy corrections of the Z ′ decay in
the framework of models with β = 1/
√
3. These analysis are performed considering oblique
corrections at one loop level, where running coupling constants at MZ′ scale are taken into
account. We also calculate the FCNC contributions in the Z and Z ′ decays.
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representation Qψ Xψ
qm∗L =
 dm∗−um∗
Jm∗

L
3∗
dm∗R; um∗R; Jm∗R : 1
 −132
3
1
6
+
√
3β
2

−1
3
; 2
3
; 1
6
+
√
3
2
β
XLqm∗ =
1
6
+ β
2
√
3
XRdm∗ ,um∗ ,Jm∗ = −13 , 23 , 16 +
√
3
2
β
q3L =
 u3d3
J3

L
: 3
u3R; d3R; J3R : 1
 23−1
3
1
6
−
√
3β
2

2
3
; −1
3
; 1
6
−
√
3β
2
XL
q(3)
= 1
6
− β
2
√
3
XRu3,d3,J3 =
2
3
,−1
3
, 1
6
−
√
3β
2
ℓjL =
 νjej
E−Q1j

L
: 3
ejR; E
−Q1
jR
 0−1
−1
2
−
√
3β
2

−1; −1
2
−
√
3β
2
XLℓj = −12 − β2√3
XRej ,Ej = −1, −12 −
√
3β
2
Table 1: Fermionic content for three generations with β arbitrary. We take m∗ = 1, 2, and
j = 1, 2, 3
2 The 331 spectrum for β arbitrary
The 331 fermionic structures for three families is shown in table 1 for β arbitrary, where all
leptons transform as (1, 3,XLℓ ) and (1, 1,X
R
ℓ′) under (SU(3)c, SU(3)L, U(1)X) , with X
L
ℓ and
XRℓ′ the U(1)X values associated with the left- and right-handed leptons, respectively; while
the quarks transform as (3, 3∗,XLqm∗ ), (3
∗, 1,XRq′
m∗
) for the first two families, and (3, 3,XLq3),
(3∗, 1,XRq′3) for the third family, where X
L
qm∗
,XLq3 and X
R
q′
m∗
,XRq′3
correspond to the U(1)X
values for left- and right-handed quarks. We denote XLq3 and X
L
qm∗
as the values associated
with the SU(3)L space under 3 and 3
∗ representations, respectively. The quantum numbers
Xψ for each representation are given in the third column from table 1, where the definition
of the electric charge in Eq. 1 has been used, demanding charges of 2/3 and −1/3 to the
up- and down-type quarks, respectively, and charges of -1,0 for the charged and neutral
leptons. We recognize three different possibilities to assign the physical quarks in each
family representation as shown in table 2. At low energy, the three models from table 2 are
equivalent and there is not any phenomenological feature that allows us to detect differences
between them. In fact, they must reduce to the SM which is an universal family model
in SU(2)L. However, through the couplings of the three families to the additional neutral
current (Z ′) and the introduction of a mixing angle between Z and Z ′, it is possible to
recognize differences among the three models at the electroweak scale.
For the scalar sector described by Table 3, we introduce the triplet field χ with vacuum
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Representation A Representation B Representation C
qmL =
 d, s−u,−c
J1, J2

L
: 3∗
q3L =
 tb
J3

L
: 3
qmL =
 d, b−u,−t
J1, J3

L
: 3∗
q3L =
 cs
J2

L
: 3
qmL =
 s, b−c,−t
J2, J3

L
: 3∗
q3L =
 ud
J1

L
: 3
Table 2: Three different assignments for the SU(3)L family representation of quarks
QΦ XΦ
χ =
 χ±Q11χ±Q22
ξχ + νχ ± iζχ


±
(
1
2
+
√
3β
2
)
±
(
−1
2
+
√
3β
2
)
0
 β√3
ρ =
 ρ±1ξρ + νρ ± iζρ
ρ∓Q23

 ±10
∓
(
−1
2
+
√
3β
2
)
 12 − β2√3
η =
 ξη + νη ± iζηη∓2
η∓Q13

 0∓1
∓
(
1
2
+
√
3β
2
)
 −12 − β2√3
Table 3: Scalar spectrum that break the 331 symmetry and give masses to the fermions.
expectation value (VEV) 〈χ〉T = (0, 0, νχ), which induces masses to the third fermionic
components. In the second transition it is necessary to introduce two triplets ρ and η with
VEV 〈ρ〉T = (0, νρ, 0) and 〈η〉T = (νη, 0, 0) in order to give masses to the quarks of type up
and down, respectively.
In the gauge boson spectrum associated with the SU(3)L ⊗ U(1)X gauge group, we are
just interested in the physical neutral sector that corresponds to the photon, Z and Z ′, which
are written in terms of the electroweak basis for β arbitrary as [9]
Aµ = SWW
3
µ + CW
(
βTWW
8
µ +
√
1− β2T 2WBµ
)
,
Zµ = CWW
3
µ − SW
(
βTWW
8
µ +
√
1− β2T 2WBµ
)
,
Z ′µ = −
√
1− β2T 2WW 8µ + βTWBµ, (2)
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where the Weinberg angle is defined as
SW = sin θW =
g′√
g2 + (1 + β2) g′2
, TW = tan θW =
g′√
g2 + β2g′2
(3)
and g, g′ correspond to the coupling constants of the SU(3)L and U(1)X groups, respectively.
Further, a small mixing angle between the two neutral currents Zµ and Z
′
µ appears with the
following mass eigenstates [9]
Z1µ = ZµCθ + Z
′
µSθ; Z2µ = −ZµSθ + Z ′µCθ;
tan θ =
1
Λ +
√
Λ2 + 1
; Λ =
−2SWC2Wg′2ν2χ + 32SWT 2W g2
(
ν2η + ν
2
ρ
)
gg′T 2W
[
3βS2W
(
ν2η + ν
2
ρ
)
+ C2W
(
ν2η − ν2ρ
)] . (4)
3 Neutral currents
Using the fermionic content from table 1, we obtain the following neutral couplings in weak
eigenstates [12]
LNC = g
2CW
{
3∑
j=1
Qjγµ
[
gQjv − gQja γ5
]
QjZ
µ + ℓjγµ
[
gℓjv − gℓja γ5
]
ℓjZ
µ
+ℓjγµ
[∼
g
ℓj
v −
∼
g
ℓj
a γ5
]
ℓjZ
µ′ +
2∑
m=1
qm∗γµ
[∼
g
qm
v −
∼
g
qm
a γ5
]
qm∗Z
µ′
+q3γµ
[∼
g
q3
v −
∼
g
q3
a γ5
]
q3Z
µ′
}
, (5)
where Qj with j = 1, 2, 3 has been written in a SM-like notation i.e. it refers to triplets of
quarks associated with the three generations of quarks (SM does not make a difference in
the family representations). The vector and axial vector couplings are shown in Table 4 for
each component and for any value of β. The results from Table 4 are in agreement with
ref. [17], where we can reproduce the couplings of the charged leptons ej for models L1 and
L2, which correspond in our case to β = 1/
√
3 and β = −1/√3, respectively, and where
the coupling constants are related as g˜v,a =
∓SW
6
Cv,a for each case. The results are also in
agreement with ref. [24] for β =
√
3,−1/√3. The vector and axial vector couplings can be
written in a short form as
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Fermion gfv g
f
a g˜
f
v g˜
f
a
νj
1
2
1
2
−1+(1−√3β)S2
W
2
√
3
√
1−(1+β2)S2
W
−1+(1−√3β)S2
W
2
√
3
√
1−(1+β2)S2
W
ej −12 + 2S2W −12
−1+(1−3√3β)S2W
2
√
3
√
1−(1+β2)S2
W
−1+(1+√3β)S2W
2
√
3
√
1−(1+β2)S2
W
Ej 2Q1S
2
W 0
1−(1+2√3βQ1)S2W√
3
√
1−(1+β2)S2
W
1−S2
W√
3
√
1−(1+β2)S2
W
dm∗ −12 + 23S2W −12
3−(3+√3β)S2
W
6
√
3
√
1−(1+β2)S2
W
1−(1−√3β)S2
W
2
√
3
√
1−(1+β2)S2
W
um∗
1
2
− 4
3
S2W
1
2
3−(3−5√3β)S2W
6
√
3
√
1−(1+β2)S2
W
1−(1+√3β)S2W
2
√
3
√
1−(1+β2)S2
W
Jm∗ −2QJmS2W 0 −1+(1+2
√
3βQJm)S
2
W√
3
√
1−(1+β2)S2
W
−1+S2
W√
3
√
1−(1+β2)S2
W
u3
1
2
− 4
3
S2W
1
2
−3+(3+5√3β)S2W
6
√
3
√
1−(1+β2)S2
W
−1+(1−√3β)S2W
2
√
3
√
1−(1+β2)S2
W
d3 −12 + 23S2W −12
−3+(3−√3β)S2
W
6
√
3
√
1−(1+β2)S2
W
−1+(1+√3β)S2
W
2
√
3
√
1−(1+β2)S2
W
J3 −2QJ3S2W 0 1−(1−2
√
3βQJ3 )S
2
W√
3
√
1−(1+β2)S2
W
1−S2
W√
3
√
1−(1+β2)S2
W
Table 4: Vector and axial vector couplings of fermions and massive neutral bosons (Z,Z ′).
gfv = T3 − 2QfS2W ,
gfa = T3
∼
g
qm
v,a =
g′CW
gTW
[
T8 + βQqmT
2
W
(
1
2
Λ1 ± 1
)]
∼
g
q3
v,a =
g′CW
gTW
[
−T8 + βQq3T 2W
(
1
2
Λ2 ± 1
)]
∼
g
ℓj
v,a =
g′CW
gTW
[
−T8 − βT 2W
(
1
2
Λ3 ∓Qℓj
)]
, (6)
where f =Qj, ℓj in the first line and Qf the electric charges. The Gell-Mann matrices T3
= 1
2
diag(1,−1, 0) and T8 = 12√3diag(1, 1,−2) are introduced in the notation. We also define
Λ1 = diag(−1, 12 , 2) and Λ2 = diag(12 ,−1, 2). Finally, ℓj denote the leptonic triplets with
Λ3 = diag(1, 1, 2Q1) and Q1 defined as the electric charge of the exotic leptons Ej in table 1.
It is noted that gfv,a are the same as the SM definitions and
∼
g
f
v,a are β-dependent couplings
of Z ′µ (i.e. model dependent). The couplings of Z and all the couplings of leptons are equal
for j = 1, 2, 3, so that these terms are universal and independent from the representations
of table 2. On the other hand, the couplings of the additional gauge boson (Z ′µ) with the
two former families are different from the ones involving the third family. This is because
the third family transforms differently as remarked in table 1. Consequently, these terms
depend from the representation A, B or C.
The Lagrangian can be turned to a weak basis U0 = (u0, c0, t0)
T
, D0 = (d0, s0, b0)
T
,
N0 =
(
ν0e , ν
0
µ, ν
0
τ
)T
, E0 = (e0, µ0, τ 0)
T
, where the exotic fermions Jj and Ej have been
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omitted. In addition, the neutral couplings can be written in terms of the mixing angle
between Zµ and Z
′
µ given by Eq. (4), where Z1µ is the SM-like neutral boson and Z2µ the
exotic ones. Taking a very small angle, we can do Cθ ≃ 1 so that the Lagrangian from Eq.
(5) becomes
LNC = g
2CW
{
U0γµ
[
GU(r)v −GU(r)a γ5
]
U0Zµ1 +D
0γµ
[
GD(r)v −GD(r)a γ5
]
D0Zµ1
+N0γµ
[
GNv −GNa γ5
]
N0Zµ1 + E
0γµ
[
GEv −GEa γ5
]
E0Zµ1
+U0γµ
[
G˜U(r)v − G˜U(r)a γ5
]
U0Zµ2 +D
0γµ
[
G˜D(r)v − G˜D(r)a γ5
]
D0Zµ2
+N0γµ
[
G˜Nv − G˜Na γ5
]
N0Zµ2 + E
0γµ
[
G˜Ev − G˜Ea γ5
]
E0Zµ2
}
, (7)
where the couplings associated with Z1µ are
Gf(r)v,a = g
f
v,a + δg
f(r)
v,a ; δg
f(r)
v,a =
∼
g
f(r)
v,a Sθ, (8)
and the couplings associated with Z2µ are
∼
G
f(r)
v,a =
∼
g
f(r)
v,a − δ
∼
g
f
v,a; δ
∼
g
f
v,a = g
f
v,aSθ, (9)
where the label (r) in g˜U,D(r) refers to any of the realizations r = ( A, B, C) from table 2.
The β−dependent couplings for leptons from Eq. (6) becomes
∼
g
ℓ
v,a =
g′CW
2gTW
[−1√
3
− βT 2W ± 2QℓβT 2W
]
, (10)
while for the quark couplings we get
∼
g
q(r)
v,a =
g′CW
2gTW
K(r)†


1√
3
+
βT 2W
3
1√
3
+
βT 2
W
3
− 1√
3
+
βT 2W
3
± 2QqβT 2W
K(r), (11)
with q = U0, D0, and where we define for each representation from table 2
K(A) = I, K(B) =
 1 0 00 0 1
0 1 0
 , K(C) =
 0 1 00 0 1
1 0 0
 . (12)
We will consider linear combinations among the three families to obtain couplings in
mass eigenstates
f 0 = Rff, (13)
where f denotes the fermions in mass eigenstates, f 0 in weak eigenstates and Rf the rotation
matrix that diagonalize the Yukawa mass terms. Thus, we can write the Eq. (7) in mass
eigenstates as
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LNC = g
2CW
{[
Uγµ
(
GU(r)v −GU(r)a γ5
)
U +Dγµ
(
GD(r)v −GD(r)a γ5
)
D
+ Nγµ
(
GNv −GNa γ5
)
N + Eγµ
(
GEv −GEa γ5
)
E
]
Zµ1
+
[
Uγµ
(
G˜U(r)v − G˜U(r)a γ5
)
U +Dγµ
(
G˜D(r)v − G˜D(r)a γ5
)
D
+ Nγµ
(
G˜Nv − G˜Na γ5
)
N + Eγµ
(
G˜Ev − G˜Ea γ5
)
E
]
Zµ2
}
, (14)
where the couplings of quarks depend on the rotation matrix. Taking into account the
definitions from Eqs. (8) and (9), the vector and axial vectors for Z1 in Eq. (14) take the
form
R†ℓG
ℓ
v,aRℓ = R
†
ℓ
(
gℓv,a + δg
ℓ
v,a
)
Rℓ = G
ℓ
v,aI,
R†qG
q(r)
v,a Rq = R
†
q
(
gqv,a + δg
q(r)
v,a
)
Rq = g
q
v,aI + δg
q(r)
v,a = G
q(r)
v,a , (15)
while for Z2
R†ℓG˜
ℓ
v,aRℓ = R
†
ℓ
(
g˜ℓv,a + δg˜
ℓ
v,a
)
Rℓ = G˜
ℓ
v,aI,
R†qG˜
q(r)
v,a Rq = R
†
q
(
g˜q(r)v,a + δg˜
q
v,a
)
Rq = g˜
q(r)
v,a + δg
q
v,aI = G˜
q(r)
v,a . (16)
Due to the fact that gℓv,a (SM couplings) and g˜
ℓ
v,a in Eq. (10) are family independent, the
neutral couplings in mass eigenstates of leptons are the same as in weak eigenstates, such
as indicated by the first lines in Eqs. (15) and (16). However, we obtain flavor changing
couplings in the quark sector due to the family dependence shown by g˜
q(r)
v,a in Eq. (11), as
indicated in the second lines in Eqs (15) and (16), where
δgq(r)v,a = R
†
qδg
q(r)
v,a Rq = g˜
q(r)
v,a Sθ, (17)
and
g˜q(r)v,a = R
†
qg˜
q(r)
v,a Rq. (18)
For the calculation, we adopt an ansatz on the texture of the quark mass matrices in
agreement with the physical masses and mixing angles. The SU(3)L ⊗ U(1)X Lagrangian
for the Yukawa interaction between quarks is
− LY uk =
2∑
m=1
qm∗L
[
Γm
∗D
η ηD
0
R + Γ
m∗U
ρ ρU
0
R + Γ
m∗J
χ χJ
0
m∗R
]
+q3L
[
Γ3Dρ ρD
0
R + Γ
3U
η ηU
0
R + Γ
3J
χ χJ
0
3R
]
+ h.c, (19)
with η, ρ and χ the scalar triplets from Table 3 and ΓiQφ being the Yukawa interaction
matrices. Taking into account only the SU(2)L subdoublets (which lie in the two upper
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components of the triplet), and omitting the couplings of χ, the mass eigenstates of the
scalar sector can be written as [9]
H =
(
φ∓1
h03 + ν ∓ iφ03
)
= ρSβ − η∗Cβ,
φ =
(
h∓2
−h04 ∓ ih01
)
= ρCβ + η
∗Sβ, (20)
where η∗ denotes the conjugate representation of η, tanβ = νρ/νη and ν =
√
ν2ρ + ν
2
η . Thus,
after some algebraic manipulation, the neutral couplings of the Yukawa Lagrangian can be
written as
− L(0)Y uk =
[
D0L (MD)D
0
R + U
0
L (MU )U
0
R
](
1 +
h03 ∓ iφ03
ν
)
+
[
D0L (ΓD)D
0
R + U
0
L (ΓU)U
0
R
] (
h04 ± ih01
)
+ h.c, (21)
where the fermion masses and Yukawa coupling matrices are given by
M = ν (Γ1Cβ + Γ2Sβ) and Γ = Γ1Sβ − Γ2Cβ, (22)
where Γ1 = Γη and Γ2 = Γρ. The Lagrangian from Eq. (21) is equivalent to the two-Higgs-
doublet model (2HDM) Lagrangian [25], which exhibits FCNC due to the non-diagonal
components of Γ. In particular, we take the structure of mass matrix suggested in ref. [22],
which is written in the basis (u0, c0, t0) or (d0, s0, b0) as
Mq =
 0 Aq AqAq Bq Cq
Aq Cq Bq
 . (23)
As studied in ref. [21], there are two possible assignments for the texture components
that reproduce the physical mixing angles of the CKM matrix, each one associated with
up and down quarks. For up-type quarks, AU =
√
mtmu
2
, BU = (mt + mc − mu)/2 and
CU = (mt − mc − mu)/2; for down-type quarks AD =
√
mdms
2
, BD = (mb + ms − md)/2
and CD = −(mb −ms +md)/2. The above ansatz is diagonalized by the following rotation
matrices [21]
RD =

c s 0
− s√
2
c√
2
− 1√
2
− s√
2
c√
2
1√
2
 ; RU =

c′ 0 s′
− s′√
2
− 1√
2
c′√
2
− s′√
2
1√
2
c′√
2
 , (24)
with
c =
√
ms
md +ms
; s =
√
md
md +ms
;
c′ =
√
mt
mt +mu
; s′ =
√
mu
mt +mu
. (25)
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For the quark masses, we use the running mass at MZ1 scale given by Eq. (55) in the
appendix A, which lead us to the following values
c = 0.976; s = 0.219; c′ = 0.999; s′ = 0.00359. (26)
4 Constraints on the Z − Z ′ mixing and Z2 mass for β
arbitrary
The couplings of the Z1µ bosons in Eq. (14) have the same form as the SM-neutral couplings,
where the vector and axial vector couplings gSMV,A are replaced by GV,A = g
SM
V,AI + δgV,A, and
the matrices δgV,A (given by eq. (17)) are corrections due to the small Zµ−Z ′µ mixing angle
θ in mass eigenstates. For this reason all the analytical parameters at the Z-pole have the
same SM form but with small correction factors given by GV,A that depend on the family
assignment. In the SM, the partial decay widths of Z1 into fermions ff is described by
[26, 27]:
ΓSMf =
Nfc GfM
3
Z1
6
√
2π
ρf
√
1− µ2f
[(
1 +
µ2f
2
)(
gfv
)2
+
(
1− µ2f
) (
gfa
)2]
RQEDRQCD, (27)
where Nfc = 1, 3 for leptons and quarks, respectively. RQED = 1 + δ
f
QED and RQCD =
1 + 1
2
(
Nfc − 1
)
δfQCD are QED and QCD corrections given by Eq. (57) in appendix B, and
µ2f = 4m
2
f/M
2
Z considers kinematical corrections only important for the b-quark. Universal
electroweak corrections sensitive to the top quark mass are taken into account in ρf = 1+ ρt
and in gSMV which is written in terms of an effective Weinberg angle [26]
SW
2
=
(
1 +
ρt
T 2W
)
S2W , (28)
with ρt = 3Gfm
2
t/8
√
2π2. Nonuniversal vertex corrections are also taken into account in
the Z1bb vertex with additional one-loop leading terms which leads to ρb = 1 − 13ρt and
SW
2
=
(
1 + ρt
T 2
W
+ 2ρt
3
)
S2W [26, 27].
Table 14 from appendix A summarizes some observables at the Z resonance, with their
experimental values from CERN collider (LEP), SLAC Liner Collider (SLC) and data from
atomic parity violation [26], the SM predictions, and the expressions predicted by 331 models.
We use MZ1 = 91.1876 GeV , S
2
W = 0.23113, and for the predicted SM partial decay given
by (27), we use the values from Eq. (56) (see appendix A).
The 331 predictions from table 14 in appendix A are expressed for the LEP Z-pole
observables in terms of SM values corrected by
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δZ =
ΓSMu
ΓSMZ
(δu + δc) +
ΓSMd
ΓSMZ
(δd + δs) +
ΓSMb
ΓSMZ
δb + 3
ΓSMν
ΓSMZ
δν + 3
ΓSMe
ΓSMZ
δℓ;
δhad = R
SM
c (δu + δc) +R
SM
b δb +
ΓSMd
ΓSMhad
(δd + δs);
δσ = δhad + δℓ − 2δZ ;
δAf =
δgffV
gfV
+
δgffA
gfA
− δf , (29)
where for the light fermions
δf =
2gfv δg
ff
v + 2g
f
aδg
ff
a(
gfv
)2
+
(
gfa
)2 , (30)
while for the b-quark
δb =
(3− β2K) gbvδgbbv + 2β2Kgbaδgbba(
3−β2
K
2
)
(gbv)
2 + β2K (g
b
a)
2
. (31)
The notation δgffv,a refers to the diagonal part of the matrix δgv,a in Eq. (17). The above
expressions are evaluated in terms of the effective Weinberg angle from Eq. (28).
The weak charge is written as
QW = Q
SM
W +∆QW = Q
SM
W (1 + δQW ) , (32)
where δQW =
∆QW
QSM
W
. The deviation ∆QW is [28]
∆QW =
[(
1 + 4
S4W
1− 2S2W
)
Z −N
]
∆ρM +∆Q
′
W , (33)
and ∆Q′W which contains new physics gives
∆Q′W = −16
[
(2Z +N)
(
geA
∼
g
uu
v +
∼
g
e
ag
u
V
)
+ (Z + 2N)
(
gea
∼
g
dd
v +
∼
g
e
ag
d
v
)]
Sθ
−16
[
(2Z +N)
∼
g
e
a
∼
g
uu
v + (Z + 2N)
∼
g
e
a
∼
g
dd
v
]M2Z1
M2Z2
. (34)
For cesium, and for the first term in (33) we take the value
[(
1 + 4
S4W
1−2S2
W
)
Z −N
]
∆ρM ≃
−0.01 [24, 28]. With the definitions of the couplings ∼gℓV,A in eq. (10) we can see that the new
physics contribution given by Eq. (34) is β-dependent, so that the precision measurements
are sensitive to the type of 331 model according to the value of β. This dependence will allow
us to perform precision adjustments to β. We get the same correction for the spectrums A
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and B due to the fact that the weak charge depends mostly on the up-down quarks, and
A,B-cases maintain the same representation for this family.
With the expressions for the Z-pole observables and the experimental data shown in
table 14, we perform a χ2 fit for each representation A,B and C at 95% CL, where the free
quantities Sθ, MZ2 and β can be constrained at the Z1 peak. We assume a covariance matrix
with elements Vij = ρijσiσj among the Z-pole observables, ρ the correlation matrix and σ
the quadratic root of the experimental and SM errors. The χ2 statistic with three degrees
of freedom (d.o.f) is defined as [26]
χ2(Sθ,MZ2 , β) = [y − F(Sθ,MZ2 , β)]T V −1 [y − F(Sθ,MZ2 , β)] , (35)
where y = {yi} represent the 22 experimental observables from table 14, and F the cor-
responding 331 prediction. Table 15 from appendix A display the symmetrical correlation
matrices taken from ref. [29].
At three d.o.f, we get 3-dimensional allowed regions in the (Sθ,MZ2 , β) space, which
correspond to χ2 ≤ χ2min + 7.815, with χ2min = 16.98 for A and B representations and
χ2min = 19.27, for C. The plotted regions in Figs. 1-6 correspond to 2-dimensional cuts
in the Sθ − β plane at MZ2 = 1200, 1500, 4000 GeV, and in the MZ2 − β plane at Sθ =
−0.0008, 0.0005, 0.001. The results are summarized in tables 5 and 6.
First of all, we find the best allowed region in the plane Sθ − β for three different values
of MZ2 . The lowest bound of MZ2 that displays an allowed region is about 1200 GeV, which
appears only for the C assignment such as Fig. 1 shows. We can see in the figure that models
with negative values of β are excluded, including the usual models with β = −√3,− 1√
3
.
This non-symmetrical behavior in the sign of β is due to the fact that the vector and axial
couplings in Eqs. (10) and (11) have a lineal dependence with β, which causes different results
according to the sign. Figs. 2 and 3 display broader allowed regions for MZ2 = 1500 and
4000 GeV, respectively. Thus, the possible 331-models are highly restricted by low values of
MZ2 (including the exclusion of the main versions), but if the energy scale increases, new 331
versions are accessible. The models from literature are suitable for high values of Z2−mass.
We also see that for small Z2−mass, the bounds associated with the mixing angle are very
small (∼ 10−4).
On the other hand, we obtain the regions in the plane MZ2 − β for small values of Sθ.
Fig. 4 shows regions for a negative mixing angle (Sθ = −0.0008), where models with β
< 0.75 are favored. It is interesting to note that regions A and B display thin bounds
for MZ2 (1500 GeV< MZ2 < 2500 GeV). Figs. 5 and 6 show regions for positive mixing
angles. In particular, we can see in fig. 6 that if Sθ = 0.001, the C-family assignment does
not display allowed region. Due to the fact that the A and B spectrums present the same
weak corrections, the allowed regions coincide in all plots. We also see that the minima
values for MZ2 are mostly extended in the positive values of β, although not too far from
zero. We emphasize that, although these results admit continuous values of β, under some
circumstances is possible to obtain additional restrictions from basic principles that forbid
some specific values, as studied in ref. [9].
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MZ2 (GeV) Quarks Rep. β Sθ (×10−4)
1200 Rep. A− B No Region No Region
Rep. C 1.1 . β . 1.75 −3 ≤ Sθ ≤ 2
1500 Rep. A− B −0.65 . β . 1.7 −8 ≤ Sθ ≤ 6
Rep. C 0.35 . β . 1.8 −6 ≤ Sθ ≤ 4
4000 Rep. A− B −1.75 . β . 1.8 −7 ≤ Sθ ≤ 17
Rep. C −1.4 . β . 1.8 −10 ≤ Sθ ≤ 8
Table 5: Bounds for β and S θ for three quark representations at 95% CL and three Z2-mass
Sθ (×10−4) Quarks Rep. β MZ2 (GeV)
−8 Rep. A−B −0.6 . β . 0.3 1500 . MZ2 . 2500
Rep. C −1 . β . 0.75 1500 . MZ2
5 Rep. A−B −1.6 . β . 1.4 1500 . MZ2
Rep. C −1.2 . β . 1.5 1700 . MZ2
10 Rep. A−B −1.15 . β . 0.85 1700 . MZ2
Rep. C No Region No Region
Table 6: Bounds for β and M Z2 for three quark representations at 95% CL and three mixing
angle Sθ
5 The Z2 decay for model with β = 1/
√
3
Since the oblique corrections are sensitive to heavy particles running into the loop, we con-
sider the one loop corrections to the Z2 decay, taking into account the exotic quarks J from
table 1, where we assume that the exotic spectrum is degenerated, and mJ1 = mJ2 = mJ3 &
MZ2 . In the MS scheme, all the infinite parts of the self-energies are subtracted by properly
adding divergent counterterms in the Lagrangian, while the finite terms contribute to the
corrections. These calculations are shown in the appendix B, from where we get the following
decay width
ΓZ2→ff =
g2MZ2Nc
48πC2W
√
1− µ′2f
[(
1 +
µ′2f
2
)(
G˜fv
)2
+
(
1− µ′2f
) (G˜fa)2]RQEDRQCD. (36)
where µ′2f = 4m
2
f/M
2
Z2
takes into account kinematical corrections only important for the top
quark. The corrections RQED,QCD are calculated at the MZ2 scale. The effective couplings
are
G˜fv = g˜fv −∆g˜fv ; G˜fa = g˜fa −∆g˜fa , (37)
with g˜fv,a given by the Eqs. (10) and (11). The effective radiative corrections evaluated at
the MZ2 scale are given by
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∆g˜fv ≈ 2SWCWQfΠZ2γ(M2z2) + gfvΠZ2Z1(M2z2)
(
1 +
M2Z1
M2Z2
)
+
1
2
g˜fvΣ
′
Z2Z2(M
2
z2),
∆g˜fa ≈ gfaΠZ2Z1(M2z2)
(
1 +
M2Z1
M2Z2
)
+
1
2
g˜faΣ
′
Z2Z2(M
2
z2). (38)
Using the definitions from Eqs. (37) and (38), the decay width can be written as (with
(∆g˜)2 ≈ 0)
ΓZ2→ff = Γ
0
Z2→ff
(
1−∆′f
)
, (39)
where the contribution at tree level is
Γ0
Z2→ff =
g2MZ2Nc
48πC2W
√
1− µ′2f
[(
1 +
µ′2f
2
)(
g˜fv
)2
+
(
1− µ′2f
) (
g˜fa
)2]
RQEDRQCD, (40)
and
∆′f ≈
2
(
g˜fv∆g˜
f
v + g˜
f
a∆g˜
f
a
)(
g˜fv
)2
+
(
g˜fa
)2 , (41)
that contains the oblique radiative corrections.
We calculate the decay widths taking into account the running coupling constants at the
Z2 resonance. Using the following values at the MZ1 scale
α−1Y (MZ1) = 98.36461± 0.06657; α−1(MZ1) = 127.934± 0.027;
α−12 (MZ1) = 29.56938± 0.00068; αs(MZ1) = 0.1187± 0.002;
S2W (MZ1) = 0.23113± 0.00015, (42)
we get at the MZ2 ≈ 1500 GeV scale (see appendix C)
α−1Y (MZ2) = 95.0867; α
−1(MZ2) = 125.993;
α−12 (MZ2) = 30.9060; αs(MZ2) = 0.0853;
S2W (MZ2) = 0.2453, (43)
while for the quark masses at MZ2 ≈ 1500 GeV, we get
mu(MZ2) = 0.00179 GeV; mc(MZ2) = 0.537 GeV,
mt(MZ2) = 150.73 GeV; md(MZ2) = 0.00359 GeV;
ms(MZ2) = 0.0717 GeV; mb(MZ2) = 2.45 GeV. (44)
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Γ0ff (GeV) Γff (GeV)
Γ0−Γ
Γ0
× 100 (%)
A B C A B C A B C
uu 3.304 3.304 2.293 3.341 3.341 2.317 1.12 1.12 1.05
cc 3.304 2.293 3.304 3.341 2.317 3.341 1.12 1.05 1.12
tt 2.170 3.271 3.271 2.193 3.307 3.307 1.06 1.1 1.1
dd 2.974 2.974 1.963 3.006 3.006 1.982 1.07 1.07 0.97
ss 2.974 1.963 2.974 3.006 1.982 3.006 1.07 0.97 1.07
bb 1.963 2.974 2.974 1.982 3.006 3.006 0.97 1.07 1.07
ℓ+ℓ− 1.650 1.670 1.21
νν 1.327 1.342 1.13
Table 7: Partial width of Z 2 into fermions for each representation A,B, and C. Leptons are
universal of family. We compare the relative deviations associated with the oblique radiative
corrections.
By comparing the data with radiative corrections to the decay Z → bb carried out in
ref [30], exotic quarks with a mass in the range 1.5 − 4 TeV is found for the 331-bilepton
model. Thus, it is reasonable to estimate mJj ≈ 2 TeV. With the above values and for
β = 1/
√
3, we obtain the widths shown in table 7 at both tree and one-loop level from
Eqs. (40) and (39), respectively. In the leptonic sector, values independent on the family
representation (universal of family) are obtained in the two final rows in table 7, where
the radiative corrections accounts for about (Γ0 − Γ)/Γ0 ≈ 1.21 and 1.13 % deviation for
charged and neutral leptons, respectively. In regard to the quark widths, we obtain the
family dependent decays shown in the table 7, where relative deviations due to one-loop
corrections are also calculated.
From the results in table 7, it is possible to do a rought estimative on the branching
ratios. Assuming that only decays to SM particles are allowed, we get Br(Z2 → qq) ∼ 0.6
for quarks, Br(Z2 → ℓ+ℓ−) ∼ 0.2 for charged leptons, andBr(Z2 → νν) ∼ 0.15 for neutrinos.
Comparing with other models [31], we get similar results in the charged sector, but in the
neutrino sector, we obtain a branching about two order of magnitude bigger.
6 Phenomenology on the FCNC
In this section we introduce the flavor changing couplings from Eqs (15)-(18) in order to
calculate the Z1 and Z2 decay widths. As in the above section, we will take the model
β = 1/
√
3
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G˜qq
′
v,a
A B C
Z1uc 9.57×10−4Sθ −9.57×10−4Sθ 0
Z1ut 9.57×10−4Sθ 9.57×10−4Sθ −19.15×10−4Sθ
Z1ct −0.267Sθ 0.267Sθ 0
Z1ds 0.0569Sθ 0.0569Sθ −0.114Sθ
Z1db 0.0583Sθ −0.0583Sθ 0
Z1sb −0.260Sθ 0.260Sθ 0
Table 8: Vector and axial couplings of Z 1qq
′ vertex for each representation A,B, and C.
These results correspond to the model β = 1/
√
3, where −0.0007 ≤ Sθ ≤ 0.0005 for A and
B representations, and −0.0005 ≤ Sθ ≤ 0.0001 for C representation.
6.1 The Z1 decay with FCNC
The couplings from Eq (14) lead to the following partial width of Z1 into fermions ff ′
Γff ′ =
Nfc GfM
3
Z1
6
√
2π
ρf
[(
Gff
′(r)
v
)2
+
(
Gff
′(r)
a
)2]
RQEDRQCD, (45)
where G
ff ′(r)
v,a marks the ff ′ component of the matrices given in Eq. (15). We can see that
leptons contribute only for ℓ = ℓ′, while quarks may exhibit FCNC due to the mixing angle
and the non-universal couplings of Z2. Using the definitions from Eq. (15) and (17), the
FCNC contributions to the widths in Eq. (45) can be written for quarks as
ΓZ1→qq′ =
3GfM
3
Z1
6
√
2π
ρq
[(
g˜qq
′(r)
v
)2
+
(
g˜qq
′(r)
a
)2]
(Sθ)
2RQEDRQCD, (46)
where ρq and RQED,QCD are given by Eq. (27). The above width gives the contribution
for processes with FCNC at tree level, where we can see that they are suppressed by the
small value (Sθ)
2. Table 8 shows the values of the flavor changing electroweak couplings
Z1qq
′, where the ansatz from Eq. (24) is implemented. It is noted that the Z1 decay into
the top quark is forbidden by kinematical conditions (mt > MZ1). However, it is possible to
calculate the top quark width into the Z1 boson and light quarks (u, c), obtaining
Γt→Z1q =
αmt (1−X2Z)2 (1 +X2Z)
16S2WC
2
WX
2
Z
[(
g˜tq(r)v
)2
+
(
g˜tq(r)a
)2]
(Sθ)
2, (47)
with XZ = MZ1/mt.
Using the same values from section 4 at Z1−pole, we obtain the FCNC widths shown
in table 9 as a fraction of the quadratic mixing angle value S2θ , and for each representation
A,B and C.
First, we note that the decays are highly constrained by the quadratic value of the mixing
angle. In particular, we can see from Fig. 2 that, for β = 1/
√
3, the bounds for the mixing
angle in A-B cases are about −0.0007 ≤ Sθ ≤ 0.0005, from where the FCNC are suppressed
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Γqq′/S
2
θ (MeV) A-B C
Z1 → uc 1.917×10−3 0
Z1 → ds 6.776 27.103
Z1 → db 7.116 0
Z1 → sb 141.715 0
ΓZq/S
2
θ (MeV) A-B C
t→ Z1u 4.043×10−3 16.172×10−3
t→ Z1c 314.081 0
Table 9: Partial width of Z 1 into quarks and top quark into Z 1-quarks with FCNC for
each representation A,B, and C, as a fraction of the quadratic mixing angle value. This
results correspond to the model β = 1/
√
3, where −0.0007 ≤ Sθ ≤ 0.0005 for A and B
representations, and −0.0005 ≤ Sθ ≤ 0.0001 for C representation.
by the maximum factor S2θ = 4.9 × 10−7. Thus, the maxima contributions to the decays
Z1 → uc and t → Z1u are of the order of 10−9 − 10−10 MeV, while for the decays Z1 → sb
and t → Z1c are about 10−4 MeV. In particular, we get for the top decay the branching
Br(t → Z1c) ≈ 10−7. For A-B representations, the decay of the top-quark into the charm
quark (i.e. t → Z1c) is about 105 times bigger than into the up quark. The source of this
difference comes from the texture structure in Eq. (23) and the rotation matrices in Eq (24).
A thorough check of Eq. (18), lead us to the following proportions
g˜ut(A,B)v,a ∼ s′ =
√
mu
mt +mu
= 0.0036,
g˜ct(A,B)v,a ∼ c′ =
√
mt
mt +mu
= 0.999, (48)
where we take the values from Eq. (55) in appendix A at the MZ1 scale. Since the FCNC
contributions depends as the quadratic value of the couplings (see Eq. (46)), we obtain a
contribution of s′2 ∼ 10−5 and c′2 ∼ 1 for the decay into u and c, respectively. A similar
result is obtained for the down sector, where the width of Z1 into sb quarks is 10
2 times
bigger than into db(s) quarks. Thus, the hierarchical order found in the decay widths from
table 9 arises as the result of the mass hierarchical order mu,d ≪ mt,b. On the other hand,
we see that representation C suppress most of the flavor changing decays, which arises as
a result of the family structure exhibited by this representation in table 2 when written in
mass eigenstates through the rotation matrices from Eq. (24).
6.2 The Z2 decay with FCNC
Now, we consider the Lagrangian in mass eigenstates from Eq. (14) in the Sθ = 0 limit,
where the corrections δgV,A dissapear. Thus, the Lagrangian that describes FCNC in Eq.
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(14) takes the form
LFCNC = g
2CW
[
Uγµ
(
g˜U(r)v − g˜U(r)a γ5
)
U +Dγµ
(
g˜D(r)v − g˜D(r)a γ5
)
D
]
Zµ2 , (49)
with g˜v,a defined by Eq. (18). We take the definitions of the texture structure from Eqs.
(23) and (24), whose components are determined by the values from Eq. (25) but with quark
masses given by (44) at MZ2 scale, which leads to
c = 0.976; s = 0.218; c′ = 0.999; s′ = 0.00344. (50)
We can see that the above components are very similar to the values in Eq. (26) at the Z1
scale. The values of the couplings associated with the Z2qq
′ vertices are given in Table 10.
The width of Z2 into different flavors of quarks qq′ gives
ΓZ2→qq′ = Γ
0
Z2→qq′
(
1−∆′qq′
)
, (51)
where the tree-level contribution is
Γ0Z2→qq′ =
g2MZ2Nc
48πC2W
[(
g˜qq
′
v
)2
+
(
g˜qq
′
a
)2]
, (52)
and the radiative corrections due to the Z2 − Z2 self-energy are contained in
∆qq′ =
2
(
g˜qq
′
v ∆g˜
qq′
v + g˜
qq′
a ∆g˜
qq′
a
)(
g˜qq
′
v
)2
+
(
g˜qq
′
a
)2 , (53)
with
∆g˜qq
′
v,a ≈
1
2
g˜qq
′
v,aΣ
′
Z2Z2
(M2Z2), (54)
where Σ′Z2Z2 is given by Eq. (60) in Appendix B. We consider running coupling constants
evaluated at the MZ2 scale, which are given in Eq. (43). In particular, we take the model
with β = 1/
√
3, whose extra particles do not present exotic charges, and has the lowest
bound MZ2 ≈ 1.5 TeV. For the quarks running into the loop, we take again mJj ≈ 2 TeV
[30]. The results are summarized in table (11).
First of all, we note that these values are almost one order of magnitude bigger than the
fractions obtained in table 9 associated with the Z1 boson decay. This behavior is due to
the fact that the FCNC widths as a fraction of the mixing angle S2θ in Eqs. (46) and (47)
depends on the factor (g˜v)
2+(g˜a)
2, which is the same as the one written in Eq. (52). The
differences between both cases come basically from the multiplicative factors; in one case
proportional to the Z1 boson mass MZ1 = 91.1876 GeV, and in the other case to the Z2
mass MZ2 ∼ 1500 GeV. In addition, the hierarchical order found in the values from table 11
is a direct consequence from the dependence shown by Eq. (48), where the uc(t) and ds(b)
decays are lower in about 10−5 and 10−2 order of magnitude, respectively.
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g˜qq
′
v,a
A B C
Z2uc 9.15×10−4 −9.15×10−4 0
Z2ut 9.15×10−4 9.15×10−4 −18.29×10−4
Z2ct −0.265 0.265 0
Z2ds 0.0566 0.0566 −0.113
Z2db 0.0580 −0.0580 0
Z2sb −0.259 0.259 0
Table 10: Vector and axial couplings of Z 2qq
′ vertex for each representation A,B, and C.
This results correspond to the model β = 1/
√
3.
Γqq′ (MeV) A-B C
Z2 → uc 0.0272 0
Z2 → ut 0.0272 0.109
Z2 → ct 2290.65 0
Z2 → ds 104.15 416.59
Z2 → db 109.37 0
Z2 → sb 2181.31 0
Table 11: Partial width of Z 2 into quarks with FCNC for each representation A,B, and C.
These values correspond to the model β = 1/
√
3
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7 Conclusions
We found three different assignments of quarks into families in mass eigenstates. Each
assignment determines different weak couplings of the quarks to the extra neutral current
associated with Z ′, which exhibits a small mixing angle with the SM-neutral boson Z. The
Lagrangian of the Yukawa interaction is equivalent to the 2HDM, which presents flavor
changing neutral currents (FCNC) associated with the couplings of the neutral scalars. In
particular we adopt the ansatz shown in Eq (23) proposed in ref. [21]. With this texture on
the matrices, we studied the constraints on the Z − Z ′ mixing and Z2 mass for β arbitrary,
obtaining different allowed regions in the Sθ−β andMZ2−β planes for the LEP parameters
at the Z-pole. Through a χ2 fit at the 95% CL and 3 d.o.f, we found regions in the Sθ − β
plane that display a dependence in the family assignment for different values of MZ2 (figs.
1 − 3). For the lowest value MZ2 = 1200 GeV, we found that only those 331 models with
1.1 . β . 1.75 and quarks families in the C-representation, yield a possible region with
small mixing angles (∼ 10−4). The possibilities of 331-models grow asMZ2 grows, exhibiting
broader regions for the mixing angle. For theMZ2−β plots (figs. 4−6), we also found model
and family restrictions according to the mixing angle. In this case, the β-bound grows when
the mixing angle decreases near zero. This behavior seen in the three figures is in agreement
with the results from figs. 1−3, where the bounds for β acquire their maxima values around
Sθ = 0. The Pleitez and Long models (β = −
√
3,− 1√
3
, respectively) are excluded for low
values of MZ2 (< 1500 GeV). In fact, we found that the lowest bounds in the MZ2 value are
found in regions with β & 0.
The Z2 decay at
√
s ≈MZ2 was also studied, where the Z−Z ′ mixing is highly suppressed.
We take the model β = 1/
√
3 for the numerical calculations, which holds a typical bound
MZ2 ≈ 1500 GeV and does not exhibit exotic charges in the spectrum. The decay widths were
evaluated for each family representation and taking into account oblique radiative corrections
associated with the heaviest quarks J1,2,3 from table 1 and considering MZ2 < mJj ≈ 2000
GeV. We also considered the running coupling constants at the MZ2 scale, obtaining decay
widths with values between 1.34 GeV and 3.34 GeV (see table 7). The tree level contributions
were also calculated. The radiative corrections account for about 1% deviations. These
radiative corrections are sensitive to the mass mJj of the quarks running into the loop. For
instance, the table 12 shows the loop contributions in the scenery with mJj ≈ 4000 GeV
[30], where we can see that the radiative corrections account for about 5% deviations.
In regard to the FCNC contributions, we found that the Z1 flavor changing decays are
suppressed by the quadratic value of the mixing angle S2θ ≈ 10−7. The decays present an
hierarchical order due to the texture structure from Eqs. (23) and (24), such as seen in
table 9. In fact, the family structure exhibited by representation C suppress most of the
flavor changing processes. We may do an estimative about the branching ratios from table
9. For example, we get a maximum value Br(Z1 → sb) ≈ 3 × 10−8, which is similar to the
prediction from the SM [32] at one loop level.
Similar results are obtained for the Z2 flavor changing decays in table 11, where the values
are about one order of magnitude bigger than the fractions obtained for the Z1 decays. We
also evaluated the FCNC of Z2 decay in the scenery in which mJj ≈ 4000 GeV, obtaining
the results given in table 13. We see that the widths are slightly larger (about 3%) than the
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Γff (GeV)
Γ0−Γ
Γ0
× 100 (%)
A B C A B C
uu 3.470 3.470 2.404 4.74 4.74 4.57
cc 3.470 2.404 3.470 4.74 4.57 4.74
tt 2.283 3.437 3.437 4.53 4.75 4.75
dd 3.119 3.119 2.054 4.63 4.63 4.37
ss 3.119 2.054 3.119 4.63 4.37 4.63
bb 2.054 3.119 3.119 4.37 4.63 4.63
ℓ+ℓ− 1.732 4.97
νν 1.391 4.80
Table 12: Partial width of Z 2 into fermions for each representation A,B, and C in the scenery
with mJj = 4 TeV.
Γqq′ (MeV) A-B C
Z2 → uc 0.0305 0
Z2 → ut 0.0305 0.122
Z2 → ct 2369.60 0
Z2 → ds 107.84 431.35
Z2 → db 113.25 0
Z2 → sb 2255.37 0
Table 13: Partial width of Z 2 into quarks with FCNC for each representation A,B, and C in
the scenery of mJj = 4 TeV.
values given in table 11 for mJj ≈ 2000 GeV.
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Appendix
A The Z1-pole parameters
The Z1-pole parameters with their experimental values from CERN collider (LEP), SLAC
Liner Collider (SLC) and data from atomic parity violation taken from ref. [26], are shown
in table 14, with the SM predictions and the expressions predicted by 331 models. The
corresponding correlation matrix from ref. [29] is given in table 15. For the quark masses,
at Z1-pole, we use the following values [33]
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Quantity Experimental Values Standard Model 331 Model
ΓZ [GeV ] 2.4952 ± 0.0023 2.4972 ± 0.0012 ΓSMZ (1 + δZ)
Γhad [GeV ] 1.7444 ± 0.0020 1.7435 ± 0.0011 ΓSMhad (1 + δhad)
Γ(ℓ+ℓ−) MeV 83.984 ± 0.086 84.024 ± 0.025 ΓSM(ℓ+ℓ−) (1 + δℓ)
σhad [nb] 41.541 ± 0.037 41.472 ± 0.009 σSMhad (1 + δσ)
Re 20.804 ± 0.050 20.750 ± 0.012 RSMe (1 + δhad + δe)
Rµ 20.785 ± 0.033 20.751 ± 0.012 RSMµ (1 + δhad + δµ)
Rτ 20.764 ± 0.045 20.790 ± 0.018 RSMτ (1 + δhad + δτ )
Rb 0.21638 ± 0.00066 0.21564 ± 0.00014 RSMb (1 + δb − δhad)
Rc 0.1720 ± 0.0030 0.17233 ± 0.00005 RSMc (1 + δc − δhad)
Ae 0.15138 ± 0.00216 0.1472 ± 0.0011 ASMe (1 + δAe)
Aµ 0.142 ± 0.015 0.1472 ± 0.0011 ASMµ (1 + δAµ)
Aτ 0.136 ± 0.015 0.1472 ± 0.0011 ASMτ (1 + δAτ )
Ab 0.925 ± 0.020 0.9347 ± 0.0001 ASMb (1 + δAb)
Ac 0.670 ± 0.026 0.6678 ± 0.0005 ASMc (1 + δAc)
As 0.895 ± 0.091 0.9357 ± 0.0001 ASMs (1 + δAs)
A
(0,e)
FB 0.0145 ± 0.0025 0.01626 ± 0.00025 A(0,e)SMFB (1 + 2δAe)
A
(0,µ)
FB 0.0169 ± 0.0013 0.01626 ± 0.00025 A(0,µ)SMFB (1 + δAe + δAµ)
A
(0,τ)
FB 0.0188 ± 0.0017 0.01626 ± 0.00025 A(0,τ)SMFB (1 + δAe + δAτ )
A
(0,b)
FB 0.0997 ± 0.0016 0.1032 ± 0.0008 A(0,b)SMFB (1 + δAe + δAb)
A
(0,c)
FB 0.0706 ± 0.0035 0.0738 ± 0.0006 A(0,c)SMFB (1 + δAe + δAc)
A
(0,s)
FB 0.0976 ± 0.0114 0.1033 ± 0.0008 A(0,s)SMFB (1 + δAe + δAs)
QW (Cs) −72.69 ± 0.48 −73.19 ± 0.03 QSMW (1 + δQW )
Table 14: The parameters for experimental values, SM predictions and 331 corrections. The
values are taken from ref. [26]
mu(MZ1) = 2.33
+0.42
−0.45 MeV ; mc(MZ1) = 677
+56
−61 MeV,
mt(MZ1) = 181± 13 GeV ; md(MZ1) = 4.69+0.60−0.66 MeV,
ms(MZ1) = 93.4
+11.8
−13.0 MeV ; mb(MZ1) = 3.00± 0.11 GeV. (55)
For the partial SM partial decay given by Eq. (27), we use the following values taken
from ref. [26]
ΓSMu = 0.3004± 0.0002 GeV ; ΓSMd = 0.3832± 0.0002 GeV ;
ΓSMb = 0.3758± 0.0001 GeV ; ΓSMν = 0.16729± 0.00007 GeV ;
ΓSMe = 0.08403± 0.00004 GeV. (56)
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Γhad Γℓ
1
.39 1
Ae Aµ Aτ
1
.038 1
.033 .007 1
Rb Rc Ab Ac A
(0,b)
FB A
(0,c)
FB
1
-.18 1
-.08 .04 1
.04 -.06 .11 1
-.10 .04 .06 .01 1
.07 -.06 -.02 .04 .15 1
ΓZ σhad Re Rµ Rτ A
(0,e)
FB A
(0,µ)
FB A
(0,τ)
FB
1
-.297 1
-.011 .105 1
.008 .131 .069 1
.006 .092 .046 .069 1
.007 .001 -.371 .001 .003 1
.002 .003 .020 .012 .001 -.024 1
.001 .002 .013 -.003 .009 -.020 .046 1
Table 15: The correlation coefficients for the Z-pole observables
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B Radiative corrections
The Z1 and Z2 decay in Eqs. (27) and (36) contains global QED and QCD corrections
through the definition of RQED = 1+ δ
f
QED and RQCD = 1+
1
2
(
Nfc − 1
)
δfQCD, where [26, 27]
δfQED =
3αQ2f
4π
;
δfQCD =
αs
π
+ 1.405
(αs
π
)2
− 12.8
(αs
π
)3
− ααsQ
2
f
4π2
(57)
with α and αs the electromagnetic and QCD constants, respectively. The values α and αs
are calculated at the MZ1 scale for the Z1 decays, and at the MZ2 scale for the Z2 decays.
We are also considering oblique corrections sensitive to the top quark mass in the Z1
decay. Here, we show the calculation of the oblique corrections corresponding to the Z2
decay, which is mostly sensitive to the extra quarks masses mJ1,2,3 . The correction due to the
Z2 self-energy leads to the wavefunction renormalization
Z2 → Z2R ≈
(
1− 1
2
Σ
(fin)′
Z2Z2
(q2)
)
Z2, (58)
where the finite part of the self-energy gives
Σ
(fin)
Z2Z2
(q2) ≈ 1
12π2
(
g
2CW
)2 3∑
j=1
{(
g˜Jjv
)2 [−q2 ln m2Jj
q2
− q
2
3
]
+
(
g˜Jja
)2 [(
6m2Jj − q2
)
ln
m2Jj
q2
− q
2
3
]}
, (59)
and
Σ
(fin)′
Z2Z2
(q2) =
dΣ
(fin)
Z2Z2
dq2
=
1
12π2
(
g
2CW
)2 3∑
j=1
{(
g˜Jjv
)2(2
3
− ln m
2
Jj
q2
)
+
(
g˜Jja
)2(2
3
− ln m
2
Jj
q2
− 6m
2
Jj
q2
)}
. (60)
The Z2 − Z1 self-energy leads to the following vacuum polarization
Π
(fin)
Z2Z1
(q2) ≈ 1
12π2
(
g
2CW
)2 3∑
j=1
{
g˜Jjv g
Jj
v
[
− ln m
2
Jj
q2
− 1
3
]
+ g˜Jja g
Jj
a
[(
6m2Jj
q2
− 1
)
ln
m2Jj
q2
− 1
3
]}
, (61)
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and the Z2-photon vacuum polarization is given by
Π
(fin)
Z2γ
(q2) ≈ 1
12π2
g2SW
2CW
3∑
j=1
{
QJj g˜
Jj
v
[
− ln m
2
Jj
q2
− 1
3
]}
, (62)
with QJj the electric charge of the virtual Jj quarks given in table 1.
C Running masses and coupling constants
The solution of the renormalization group at the lowest one-loop order gives the running
coupling constant for M˜ ≤ µ
g−2i (M˜) = g
−2
i (µ) +
bi
8π2
ln
(
µ
M˜
)
, (63)
for i = 1, 2, 3, each one corresponding to the constant coupling of U(1)Y , SU(2)L and SU(3)c,
respectively. Specifically, we use the matching condition for the constant couplings, where
the SU(3)L constant is the same as the SU(2)L constant, i.e. g2 = g. Running the constants
at the scale µ = MZ2 and taking M˜ = MZ1 , we obtain for g1 and g2
g2Y (MZ2) =
g2Y (MZ1)
1− b1
8π2
g2Y (MZ1) ln
(
MZ2
MZ1
)
g2(MZ2) =
g2(MZ1)
1− b2
8π2
g2(MZ1) ln
(
MZ2
MZ1
) (64)
with
b1 =
20
9
Ng +
1
6
NH +
1
3
∑
sing
Y 2 =
22
3
,
b2 =
4
3
Ng +
1
6
NH +
22
3
= −3, (65)
where Ng = 3 is the number of fermion families and NH = 2 the number of SU(2)L scalar
doublets. With the above definitions, we can obtain the running Weinberg angle
S2W (MZ2) =
g2Y (MZ2)
g2(MZ2) + g
2
Y (MZ2)
= S2W (MZ1)
[
1− b2
2π
α2(MZ1) ln (MZ2/MZ1)
1− b1+b2
2π
α(MZ1) ln (MZ2/MZ1)
]
. (66)
In order to calculate the running masses for all quarks, we should use the running QCD
constant at the nth quark threshold [33], which is defined as
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α(n)s (µ) =
4π
β
(n)
0 L
(n)
1− 2β
(n)
1 ln
[
L(n)
](
β
(n)
0
)2
L(n)
+
4
(
β
(n)
1
)2
(
β
(n)
0
)4
(L(n))
2
×
(ln (L(n))− 1
2
)2
+
β
(n)
0 β
(n)
2
8
(
β
(n)
1
)2 − 54

 , (67)
with L(n) = ln
(
µ2
(Λ(n))
2
)
, β
(n)
0 = 11 − 23nf , β
(n)
1 = 51− 193 nf , β
(n)
2 = 2857 − 50339 nf + 32527 n2f ,
and nf the number of quarks with mass less than µ. The asymptotic scale parameters Λ
(n)
for the energy scale µ at each quark threshold are determined by [34]
2β
(n−1)
0 ln
(
Λ(n)
Λ(n−1)
)
=
(
β
(n)
0 − β(n−1)0
)
L(n) + 2
(
β
(n)
1
β
(n)
0
− β
(n−1)
1
β
(n−1)
0
)
ln
(
L(n)
)
−2β
(n−1)
1
β
(n−1)
0
ln
(
β
(n)
0
β
(n−1)
0
)
+
4β
(n)
1(
β
(n)
0
)2
(
β
(n)
1
β
(n)
0
− β
(n−1)
1
β
(n−1)
0
)
ln
(
L(n)
)
L(n)
+
1
β
(n)
0
(2β(n)1
β
(n)
0
)2
−
(
2β
(n−1)
1
β
(n−1)
0
)2
− β
(n)
2
2β
(n)
0
+
β
(n−1)
2
2β
(n−1)
0
− 22
9
 1
L(n)
,
(68)
where the starting parameter is Λ(5) = 217+25−23 MeV [26]. We get for each threshold µ = m
(n)
q
(with n = 3 for the light quarks u, d, s below 1 GeV; and n = 4, 5, 6, each one corresponding
to the heavy quarks c, b and t, respectively)
Λ(3) = 342 MeV; Λ(4) = 301 MeV; Λ(6) = 91.7 MeV. (69)
The running mass for the heavy quarks q = c, b, t at µ < µn+1 is
mqn(µ) =
R(n)(µ)
R(n)(mpole)
mpoleq , (70)
while for the light quarks q = u, d, s is
mq(µ) =
R(3)(µ)
R(3)(1 GeV)
mq(1 GeV), (71)
where mpoleq are the pole masses and mq(1 GeV) are the masses measured at 1 GeV scale.
We use the following values [33]
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mpolec = 1.26± 0.13 GeV, mpoleb = 4.26± 0.15 GeV,
mpolet = 174.3± 5.1 GeV, mu(1 GeV) = 4.88± 0.57MeV,
md(1 GeV) = 9.81± 0.65MeV, ms(1 GeV) = 195.4± 12.5MeV. (72)
We also use
R(n)(µ) =
(
β0α
(n)
s
2π
)2γ0/β0 {
1 +
[
2γ1
β0
− β1γ0
β20
]
α
(n)
s
π
+
1
2
[(
2γ1
β0
− β1γ0
β20
)2
+
2γ2
β0
− β1γ1
β20
− β2γ0
16β20
+
β21γ0
2β30
](
α
(n)
s
π
)2 , (73)
with γ0 = 2, γ1 =
101
12
− 5
18
nf , and γ2 =
1
32
[
1249− (2216
27
+ 160
3
ζ(3)
)
nf − 14081 n2f
]
. In order to
get the running mass at µ = MZ2 > µ
(6) = mt, it is necessary to use the matching condition
[34]
m(N)qn (µ) = m
(N−1)
qn (µ)
1 + 1
12
(
x2N +
5
3
xN +
89
36
)(
α
(N)
s
π
)2−1 , (74)
where xN = ln
[(
m
(N)
qN /µ
)2]
, N > n, and µN ≤ µ ≤ µN+1. By iterating the above equation,
along with the definitions (70) and (71) at each quark threshold, we obtain the values given
by Eq. (44).
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Figure 1: The allowed region for sin θ vs β with MZ2 = 1200 GeV. C correspond to the
assignment of family from table 2. A and B assignments are excluded at this scale of MZ2.
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Figure 2: The allowed region for sin θ vs β with MZ2 = 1500 GeV. A, B and C correspond
to the assignment of families from table 2.
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Figure 3: The allowed region for sin θ vs β with MZ2 = 4000 GeV. A, B and C correspond
to the assignment of families from table 2
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Figure 4: The allowed region for MZ2 vs β with sin θ = −0.0008. A, B and C correspond to
the assignment of families from table 2
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Figure 5: The allowed region for MZ2 vs β with sin θ = 0.0005. A, B and C correspond to
the assignment of families from table 2
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Figure 6: The allowed region for MZ2 vs β with sin θ = 0.001. A and B correspond to the
assignment of families from table 2. The C assignment is excluded for this mixing angle.
